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PROPER MODIFICATIONS OF GENERALIZED p-KAHLER 

MANIFOLDS 


LUCIA ALESSANDRINI 

Abstract. In this paper, we consider a proper modification / : M —>• M between 
complex manifolds, and study when a generalized p—Kahler property goes back from 
M to M. When / is the blow-up at a point, every generalized p—Kahler property is 
conserved, while when / is the blow-up along a submanifold, the same is true for p = I. 
For p = n — 1, we prove that the class of compact generalized balanced manifolds is closed 
with respect to modifications, and we show that the fundamental forms can be chosen 
in the expected cohomology class. We get some partial results also in the non-compact 
case; finally, we end the paper with some examples of generalized p—Kahler manifolds. 


1. Introduction 

Let M be a complex manifold of dimension n > 2, let p be an integer, 1 < p < n — 1. 
We shall consider three families of maps, namely: 

TTo : M —)• M, which is the blow-np of M at a point O; 

TT : M —)■ M, which is the blow-up of M along a submanifold Y ; 

f ■. M ^ M, which is a proper modihcation of M with center Y and exceptional set E. 

We will study, in this context, when a generalized p—Kahler property (indicated as 
“p—Kahler” property, see Dehnition 2.3) goes back from M to M, or what kind of weaker 
properties can be obtained. So we unify and generalize analogous results on hermitian 
symplectic, SKT, balanced, strongly Gauduchon manifolds. 

The obvious way is to start from a “p—Kahler” form G on M, and consider the pull¬ 
back /*f2 on M, which is “closed”because / is holomorphic; for the same reason, we get 
f*Vt > 0, and f*Vt > 0 on M — E, since /|^_e is biholomorphic. 

Nevertheless, strict positivity is not preserved in general: for instance, if p G K, and 
F := f~^{y) is a hbre of dimension A:, and a; > 0 is the (1,1)— form of a Kahler metric on 
M, it holds = 0. 

The case when M is Kahler is well known: while tt (and tto) preserve the Kahler 
property, so that M is Kahler too, the famous example of Hironaka (a compact threefold 
X which is given by a modihcation of P3) shows that the Kahler property is not preserved 
by modihcations. 
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Hironaka’s example X is a Moishezon manifold (so that all kinds of “p—Kahler” proper¬ 
ties are eqnivalent, except pK, see 7.4): this proves that it is “2-Kahler”(i.e. 2K, 2WK, 
2S, 2PL, see section 2) becanse it is balanced (|5]); X is not IK (nor IWK, IS, IPL) since 
it contains a curve that bounds. 

But in general, when we perform a modihcation of a “1—Kahler” manifold M, it is not 
guaranteed that M is regular (in the sense of Varouchas, see 7.4, i.e. a manifold satisfying 
the 99-Lemma). Moreover, it is well-known that if M satishes the 99-Lemma, so does M 
(see m) ; but it is not known yet if a modihcation of a regular manifold is regular too: 
this fact sheds further light on the context of the question we stated above. 

The hrst result we get (Theorem 3.1) extends the very classical statement: The blow-up 
at a point of a Kahler manifold is a Kdhler manifold too. We prove, with a unihed proof, 
that the same holds also for hermitian symplectic, pluriclosed, SKT, balanced, strongly 
Gauduchon, ...manifolds: in general, for “p—Kahler”manifolds. This result allows one 
to construct new examples of “p—Kahler” manifolds. 

Next, in Theorem 3.2, we extend another classical result, that is: If M is a Kdhler 
manifold, and M is obtained from M blowing up a submanifold, then M is Kdhler too. 
We give a very short proof in the general case of “1—Kahler” manifolds, which includes 
also pluriclosed (i.e. SKT) and hermitian symplectic manifolds. The analogous result 
cannot hold in the generic “p—Kahler” case, as we prove by a suitable example. 

As for compact “(n — 1)—Kahler” manifolds, we complete the study of the invariance 
of the property of being “balanced” with respect to modihcations, initiated in [S] in the 
classical case, and due to |26] in the sG case: in Theorem 4.1, we prove that a modihcation 
M of a compact “(n — 1)—Kahler”manifold M, is “(n — 1)—Kahler”, and in Theorem 4.3 
we prove that, when M is “(n — 1)—Kahler”, then M is “(n — 1)—Kahler”too. Next we 
give a partial result in case “p—Kahler”. 

Here the compactness hypothesis is needed to use the characterization of “p—Kahler” ma¬ 
nifolds by means of positive currents (see Theorem 2.4). But, owing to the use of currents, 
we lose the link between metrics on M and M: we recapture the link (that is, is 

cohomologous to in Proposition 5.1; this result is proved in a more general setting 

in Theorem 5.2. 

We look also for another kind of generalization of our main result in [7], i.e., A proper 
modification M of a compact balanced manifold M is balanced. Indeed, we consider non¬ 
compact manifolds, but suppose that the center Y is compact. In this case, we can 
consider Bott-Ghern and Aeppli cohomology with compact supports, and use a modihed 
version of the characterization theorem by positive currents; we can prove (see Theorem 
6.2) that, under mild cohomological hypotheses, if M is locally balanced with respect to 
Y, then M is locally balanced with respect to E. 
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We end the paper in section 7 with some examples and some remarks on the “exact¬ 
ness” of the “p—Kahler”form. 

We would like to thank the Referee for his valuable suggestions. 


2. Preliminaries 

Let X be a complex manifold of dimension n > 2, let p be an integer, 1 < p < n — 1; 
we refer to [21] (see also m) as regards notation and terminology. To define positivity for 
forms and currents, let us start from a complex n—dimensional euclidean vector space E, 
its associated euclidean vector spaces of (p, g)—forms (in particular E* = A^’°(i7)), 

and a orthonormal basis {pi,..., pn] for E*. 

Let us denote p/ := A • • • A where I = {ii,... ,ip), ap := i‘P^2~P and A^’^(i7*) := 
{i/j G AP'P{E*)/'ifj = ifj}. Let p + k = n. 

We get obviously that {appi A |/| = p} is a orthonormal basis for A^^{E*), and 
z z 

dV = (-pi A A • • • A {-pn A ^) = A / = (1,..., n) 
is a volume form. 

Definition 2.1. (1) A (?7,,n)—form r is called positive {strictly positive) if r = c dV 

with c > 0 (c> 0). 

(2) p G AP’^{E*) is called simple (or decomposable) if and only if there are {'ipi ,..., 'ipp} G 
A^'^{E) such that rf = 'ipi A ■■■ A ipp. 

(3) G I\^{E*) is called strongly positive (fi G SP^) if and only if = cTp ^ pj A Tj], 
with pj simple. 

(4) G A^^{E*) is called weakly positive {VL G WP^) if and only if for all {-^i,..., V’m} £ 
A^’°(£'), and for all / = (R ,... ,ik) with k + p = n, Q A ak'ipi A -0/ is a positive 
(?7,,n)—form. It is called transverse when it is strictly weakly positive, i.e. when 
n A ak'ipi A -07 is a strictly positive (n, n) —form. 


Remarks. 

a) There is also an intermediate “natural” definition of positivity, given in terms of 
eigenvalues, or al follows: “hi G A^{E*) is positive ( hi G P^) if and only if for every 
p G A^’^{E*), {k + p = n), Q A akP Ap is a positive (n, n)—form.” (see [21], Theorem 1.2). 

b) Positive forms (as in a)) are not considered by Lelong ([23]) nor by Demailly f|12]): 
both them call positive forms (this is the “classical sense”) what we call weakly positive 
forms. The strongly positive forms are called decomposable by Lelong. 
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c) The sets PP, SPP,WPP and their interior parts are indeed cones; moreover, there 
are obvious inclusions: 

gpp cppc wpp c (sppy^^ c (ppy^^ c {wppy^\ 

d) When p=lorp = n — 1, the cones coincide, since every (1, 0)—form is simple (and 
hence also every (n — 1, 0)—form is simple). 

e) In the intermediate cases, 1 < p < n — 1, the inclusions are strict: indeed, if 
{pi,..., (^ 4 } is a basis for A^’°(C^), then it is easy to prove that <pi A <p 2 + <P 3 A ip^ is not a 
simple (2, 0)—form; moreover, in C"", (pi A ip 2 + (fs A ip^) A ps A • • • A p>p +2 is not a simple 
(p, 0 )—form, for p > 2 . 

By Proposition 1.5 in [21], this implies that (pi A ip 2 + p >3 A (^ 4 ) A {ipi A (p 2 + p >3 A (^ 4 ) 
is a positive ( 2 , 2 )—form which is not strongly positive. 

Moreover, the authors exhibit a (p,p)—form which is in the interior of the cone WPP, 
but has a negative eigenvalue, so that it does not belong to the cone PP. 

f) Duality: It is not hard to prove that, for p + k = n\ 

n G WPP V T e D A T > 0, nePP V T e D A T > 0. 


Let us go back to manifolds: we denote by VP’P{X)^ the space of compactly supported 
real (p,p)—forms on X and by SP'P{X)]^ the space of real (p,p)—forms on X. 

Their dual spaces are: (also denoted by P'^’^(X)k, where p+k = n), the space 

of real currents of bidimension (p,p) or bidegree {k, k), which we call {k, fc)—currents, and 
£’p p(X)r (also denoted by £^'^’^(X)r), the space of compactly supported real {k, fc)—currents 
on X. 

We shall denote by [Y] the current given by the integration on the irreducible analytic 
subset Y. 

We shall define weakly positive, positive, strongly positive currents (see f.i. [21]). For 
simplicity, let X be a compact n—dimensional manifold, and 1 < p < n — 1 . 

Definition 2.2. (1) D G 8P’P{N)^ is called strongly positive (resp. positive, weakly 

positive, transverse or strictly weakly positive) if V x G X, Dj, G SPP(T^N) (resp. 
PP{UN), WPP{T^N), {WPP{T^N)y^^). 

These spaces of forms are denoted by S'P^(X), PP{N), WPP{N), (hFP^(X))*"h 
(2) Let T G Pp p(X)]R be a current of bidimension (p,p) on X. Then we have: 
weakly positive currents: T G WPp{N) T{kl) > 0 V D G SPP{N). 
positive currents: T G Pp(X) T{Q) > 0 V D G P^(X). 
strongly positive currents: T G SPp{N) T{kl) > 0 V D G WPP{N). 
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Remarks. There are obvious inclusions between the previous cones of currents, that 
is, SPp{N) C Pp{N) C WPp{N). Demailly ([I2], Dehnition 1.3) does not consider Pp{N), 
and indicates WPp{N) as the cone of positive currents; there are no uniformity of notation 
in the papers of Alessandrini and Bassanelli. 

We shall need de Rham cohomology, and also Bott-Chern and Aeppli cohomology (for 
which the notation is not standard, so that we recall it below): they can be described 
using forms or currents of the same bidegree: 


Tjk,kf -w- ■ 

^dR ) ■ 


{(p€gfe'"(X)M;d(p = 0} _ {TGP^"’"(X)R;dT = 0} 


= Af(X)=i7«’«(X,M) :=^ 


rk,k . 




{iddip^pj e 


{T eV'^’\X)M;dT = 0} 
{iddA; A e 




= Vl'\X) = H’P^\X,R) := 


[tp G g^’^(X)]R;igg(p = 0} 
[p = dfj + dr]] rj e £^-'^~^{X)} 


{T eV'^'\X)^]iddT = {)} 


{dS + dS]S e T>'''’'^-^(X)} 

In general when the class of a current vanishes in one of the previous cohomology 
groups, we say that the current “bounds”or is “exact”. 


We collect what we called in the Introduction “p—Kahler” properties in the following 
dehnition (see [1], and also the next Remarks). 


Definition 2.3. Let X be a complex manifold of dimension n > 2, let p be an integer, 
1 < p < n — 1. 

(1) X is a p— Kahler (pK) manifold if it has a closed transverse (p,p)—form fi. 

(2) X is a weakly p—Kahler (pWK) manifold if it has a transverse (p, p)—form fi 
with dVL = dda for some form a. 

(3) X is a p—symplectic (pS) manifold if it has a closed transverse real 2p—form T; 
that is, = 0 and := (the (p,p)—component of T) is transverse. 

(4) X is a p—pluriclosed (pPL) manifold if it has a transverse (p,p)—form with 

ddn = 0. 


Notice that: pK pWK pS pPL] as regards examples and differences under 
these classes of manifolds, see [1]. 

When X satishes one of these dehnitions, in the rest of the paper we will call it gener- 
ically a “p— Kahler” manifold; the form fl, called a “p— Kahler” form, is said to be 
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“closed”. This may be a little bit worrying to read, but the beneht is that we do not 
write a lot of similar proofs. 

Remarks. For p = 1, a transverse form is the fundamental form of a hermitian 
metric, so that we can consider 1—Kahler (i.e. Kahler), weakly 1—Kahler, 1—symplectic, 
1—pluriclosed metrics. 1—symplectic manifolds are also called hermitian symplectic (|28]). 

In [I3], pluriclosed (i.e. 1—pluriclosed) metrics are dehned (see also [2H]), while in [Tl] 
a IPL metric (manifold) is called a strong Kahler metric (manifold) with torsion (SKT). 

For p = n—1, we get a hermitian metric too, because every transverse (n—1, n—1)—form 

is in fact given by where a; is a transverse (1,1)—form (see f.i. [23], p. 279). 

This case was studied by Michelsohn in [23|, where {n — 1)—Kahler manifolds are called 
balanced manifolds. 

Moreover, (n — 1)—symplectic manifolds are called strongly Gauduchon manifolds (sG) 
by Popovici (compare Dehnition 2.3 (3) and Theorem 2.4 (3) with [25], Dehnition 4.1 
and Propositions 4.2 and 4.3; see also [26]), while {n — 1)—pluriclosed metrics are called 
standard or Gauduchon metrics. Recently, weakly (n — 1)—Kahler manifolds have been 
called superstrong Gauduchon, (super sG) f[27]h 

In the case of a compact manifold N, we got the following characterization (see [1], 
Theorems 2.1, 2.2, 2.3, 2.4) 

Theorem 2.4. (1) Gharacterization of compact p—Kahler (pK) manifolds. 

N has a strictly weakly positive (i.e. transverse) {p,p)—form with dfl = 0, if 
and only if N has no strongly positive currents T 0, of bidimension (p,p), such 
that T = dS + dS for some current S of bidimension (p,p + 1) (i.e. T “bounds”in 
i.e. T is the {p,p) —component of a boundary). 

(2) Gharacterization of compact weakly p—Kahler (pWK) manifolds. 

N has a strictly weakly positive (p,p)—form 12 with dkl = dda for some form 
a, if and only if N has no strongly positive currents T 0, of bidimension {p,p), 
such that T = dS + dS for some current S of bidimension (p,p+ 1) with ddS = 0 
(i.e. T is closed and “bounds”in H^’^.^{N)). 

(3) Gharacterization of compact p—symplectic (pS) manifolds. 

N has a real 2p—form T = Ylia+h= 2 p ~ ^ {p,p)—form 

:= is strictly weakly positive, if and only if N has no strongly positive 
currents T ^ 0, of bidimension {p,p), such that T = dS for some current S (i.e. 
T is a boundary with respect to de Rham cohomology). 

(4) Gharacterization of compact p—pluriclosed (pPL) manifolds. 

N has a strictly weakly positive {p,p)—form 12 with ddVt = 0, if and only if N 
has no strongly positive currents T ^ 0, of bidimension {p,p), such that T = iddA 
for some current A of bidimension (p + l,p + 1) (i.e. T “bounds”in ). 
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Remark. Every compact complex manifold supports Gauduchon metrics, that is, is 
(n — 1)PL: in fact, by Theorem 2.4 (4), if T is a strongly positive (1,1)—current, such 
that T = iddA, A turns out to be a plurisubharmonic function; but N is compact, so 
that A is constant, and T = 0. 

Lastly, let us recall a Support Theorem, which we shall frequently use for p = n — 1. 

Theorem 2.5. (see [6], Theorem 1.5) Let X be a n—dimensional eomplex manifold, E 
a compact analytic subset of X; call {Ej} the irreducible components of E of dimension 
p. Let T be a weakly positive dd—closed current of bidimension {p,p) on X such that 
supp T E. Then there exist Cj > 0 such that S := T — ® weakly positive 

dd—closed current of bidimension {p,p) on X, supported on the union of the irreducible 
components of E of dimension bigger than p. 


3. Blow-up of manifolds 

Let M be a connected complex manifold, with n = dimM > 2, let p be an integer, 
l<p<n — 1. As said in the Introduction, we shall consider three kinds of proper 
modihcations: 

TTo : M —)■ M, which is the blow-up of M at a point O; 

TT : M —)■ M, which is the blow-up of M along a compact submanifold Y ; 
and an arbitrary proper modihcation of M with compact center Y, f : M ^ M. 

Recall that a complex manifold M together with a proper holomorphic map f : M ^ M 
is called a (smooth) proper modification of M if there is a thin set Y in M such that 
f~^{Y) is thin in M, and the restricted map / from M—f~^{Y) to M—Y is biholomorphic. 

Grauert and Remmert (see [18], pages 214-215) proved among others that Y can be 
chosen as an analytic set of codimension > 2 such that E := f~^{Y) is an analytic set of 
pure codimension one in M, called the exceptional set of the modihcation. 

We will study, in this context, when a “p—Kahler”property goes back from M to M. 
The problem is completely solved for ttq by Theorem 3.1, for which we give a proof by 
direct computation, that unihes all “p—Kahler” cases, some of which are well known when 

p = 1. 

Theorem 3.1. Let tiq '■ M ^ M be the blow-up of M at a point O; for every p,l < p < 
n — 1, whenever M is “p—Kdhler”, M is also “p—Kdhler”. 

Proof. First of all, let us recall the classical proof for Kahler manifolds. Let us choose 
coordinates {zj} around O G M, such that on U 2 e ■= {|| 2 :|| < 2e} and lJ 2 e '■= T^o^{U 2 e), 
Tio is nothing but the blow-up of C" at 0, with exceptional set E := vrQ^(O) ~ IPn-i- 
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With obvious notation, consider a cut-off function x G C^{U 2 e)i X = 1 and put, 

for X G f/^2e5 


:= idd{x{'^o{x))log\\x\\^), 

where idd{log\\x\\^) is just the pull-back of the Fubini-Study (1,1)—form on P^-i under 


the map j : U 2 e Pn-i which is the identity on P„_i and maps every x G U 2 e — Pn-i to 
the line [a:] G P^-i that passes through x (see [19], page 186). 

The form 9 turns out to be a global closed real (1,1)—form, with supp 6 C U 2 e] moreover, 
0 > 0 on Ue- For x E E, 9^ > 0 only on vectors in T^E] 9 is not strictly positive on E. 

Nevertheless, starting from a Kahler form on M, we can consider ttqQ which is a 
closed real (1,1)—form on M, with > 0 and {'71qQ)x{v A F) > 0 when x E E and 

V E T^M is orthogonal to T^E. 

Moreover, for x in the closure of U 2 e — Ue, the values of on positive (1,1)—vectors 

V Av have a positive lower bound. Hence there is a c > 0 such that H := ttqQ + c9 is a 
Kahler form for M. 

Notice that this proof (the classical one) also works for “1—Kahler” manifolds; indeed, 
the summand c9 is d—closed, and hence also “closed”(see Dehnition 2.3). 

On the contrary, in the generic “p—Kahler” case, starting from a “p—Kahler”form O on 
M, O := TT^O-f-cd^ is not strictly weakly positive on E, because when p > 1, in a p—vector 
X = ui A • • • A Up it is possible to have, for instance, vi E (T^E)^, V2, ■ ■ ■ ,Vp G T^E, so 
that both summands vanish on the strictly positive (p,p)—vector X A X. 

When p > 1, we can argue as follows. Let ns consider the standard Kahler form on 172e, 

i.e. 



3 


Put 0 := TT^o; A + 9^. 

Claim. The form 0 is a closed real (p,p)—form on M, with supp 0 C U2e] moreover, 
0 > 0 on f/g and 0 > 0 on i?. 

This is a local construction, based only on the geometry of the blow-up no- 

Now, let H be a “p—Kahler” form for M; the following claim is clear. 

Claim. Tipfl is a “closed”real (p,p)—form on M, with ttqH > 0; moreover, for x in the 
closure of U2e — , the values of (Tr^H)^. on positive (p,p)—vectors have a positive lower 

bound. 

Hence, there is a c > 0 such that H := -|- c0 is a “closed”transverse (p,p)— form 

on M, that is, a “p— Kahler” form for M. □ 
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The case IPL (where is simply ttqVL + cO) was proved in [H], 3.1. The authors proved 
also, using a similar technique, the persistence of the IPL property for a blow-up vr along 
a submanifold, as in the classical IK case (3.2 ibidem). Let us give here a simpler proof, 
which includes all “1-Kahler” cases, by using the fact that tt is a projective morphism. 

Recall that a blow-up is a projective morphism, hence it is a Kdhler morphism (in the 
sense of |T6], Dehnition 4.1; recall also [32], pp. 23-24); this means that there is an open 
covering {Uj} of M, and, for every j, smooth functions Pj : Uj ^ C such that: 

Wy G M, the restriction of pj to Uj fl vr“^(i/) is strictly plurisubharmonic , and 
Pj — pk is pluriharmonic on Uj fl Uk- 

This gives a relative Kdhler form /3 for vr, that is, {3 := iddpj on Uj gives a glob¬ 
ally defined real closed (1,1)—form, strictly positive on the fibres (but notice that the 
(1,1)—form ft may not be > 0 in all directions). 

Theorem 3.2. Let vr : M —)■ M be the blow-up of M along a compact submanifold Y; if 
M is “1—Kdhler”, then M is “1—Kdhler’’too. 

Proof. Following [16], Lemma 4.4, choose a “1—Kahler’Torm uj for M; since Y is compact, 
there is a constant C > 0 such that cj := (3 -\- C7r*u} > 0; since (3 is d—closed, Cj turns out 
to be “closed”. □ 

Remark. Example 7.3 in section 7 proves that Theorem 3.2 cannot hold for a generic 
p > 1; the case p = it, — 1 is discussed in the next section, for compact manifolds, and in 
section 6 for non-compact manifolds. 

4. Modifications of compact manifolds 

While we cannot use the previous proof in the case p > 1, nor one similar to that of 
Theorem 3.1, on compact manifolds we can also solve the case p = n — 1 for arbitrary 
modifications, as done in [6], Theorem 2.4 in case K and in [26] in case S. 

Theorem 4.1. Let M, M be compact n—dimensional manifolds, let f : M ^ M be a 
modification with center Y (an analytic set of codimension >2) and exceptional set E, 
whose ({n — 1) —dimensional) irreducible components are {Ej). If M is “{n —1)—Kdhler”, 
then M is “{n — 1)—Kdhler”too. 

Proof. Notice that every compact complex n—dimensional manifold is {n — 1)PL, as we 
pointed out in section 2. 

Let T > 0 be an “exact” (1,1)—current on M, as stated in the Characterization Theorem 
2.4. Since /*T has the same properties on M, we get /*T = 0, which implies that supp 
TOE, and more precisely T = ^ Cj[Ej], Cj > 0, by the Support Theorem 2.5. Therefore 
T = 0 by the following Proposition (which is more general, since T is not supposed to be 
positive and M,M are not compact). □ 
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Proposition 4.2. Let M,M be n—dimensional manifolds, let f : M ^ M be a proper 
modification with compact center Y (an analytic set of codimension >2) and excep¬ 
tional set E, whose ({n — 1) —dimensional) irreducible components are {-Ej}- Let R = 
Cj e M; R is a closed real (1, 1) —current on M. The following statements are 
equivalent: 

(1) R is the component of a boundary, i.e. its class vanishes in 

(2) R is a boundary, i.e. its class vanishes in ,M.); 

(3) R is dd-exact, i.e. its class vanishes in 

(4) Cj = 0 \/j, i.e. R = 0. 

Proof. The implications (4) ^ (3) ^ (2) ^ (1) are obvious. 

(1) ^ (2): see Lemma 8 in |3], where the hypothesis is: i? is a closed (1,1)—current 
on M such that f^R = 0 (notice that if i? = ^ then = 0, because 

codimP > 2). We recall here the proof. 

Let R = dS-\-dS for some (1, 0)—current S; since R is closed, we get ddS = 0. Consider 
dS: it is a 9—closed (2, 0)—current, hence it is a holomorphic 2-form on M; the same 
holds for d{fiS) on M. 

Since d{f^,S) is smooth and 9—exact, we can hnd a (1,0)—form (p and a distribution 
t = a ib on M such that f^,S = ip-\-dt = (p-\-da-\- idb. 

The explanation is the following (see section 2): consider the isomorphism j (induced by 
the identity) between smooth and non-smooth (i.e. involving currents) cohomology: for 
instance, j maps the class [ 7 ] of a smooth 9-closed ( 2 , 0 )-form 7 in the cohomology space 
Hg’^{M), to the class { 7 }, in the cohomology space of currents (denoted for the moment 
by Kg^{M)). Call a the holomorphic 2-form c?(/*S') on M. Since da = 0, [a] G 
but by dehnition, {a} = 0 G Kg’^{M), thus 0 = [a] G Hg’^{M), so that a = dpi for some 
smooth 1-form pt. Therefore d{f^S — /i) = 0, hence {f^S — /i} G Kq^{M) ~ Hq'^{M), 
that is, there is a smooth form v such that {f^S — pi] = {z/}, i.e. there is a distribution t 
such that /*S' — pi = o dt, as stated. 

Now we use /*i? = 0 as follows: 

0 = f*{dS dS) = dfip -\- da — idb) -|- d{(p da idb) = dip -P d(p — 2iddb. 

Thus ddb is smooth, hence also b is smooth, and we can pull it back to M. 

Dehne s := S — f*{ip -\- idb); we get 

ds ds = d{S — f*{ip -t- idb)) d{S — f*{ip — idb)) = 

-I- — f*{dip — iddb) — f*{dip — iddb)) = 

R — f*{d(p -P dip — 2iddb) = R; 

moreover 

9g = 9s-drip = ds-ndif,s)); 
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both summands are holomorphic 2 -forms on M, and they coincide outside the exceptional 
set E\ therefore they coincide, hence ds = 0. Thus R = d{s -|- s) is a boundary. 

( 2 ) (3): Let R = dQ = dS + dS, for a real 1-current Q = = S + S, where 

S' is a 9—closed (1, 0)—current. As before, 0 = f\R = d{f\Q), so that we can choose a 
smooth representative of the cohomology class of the d—closed 1 -current f^Q on M; that 
is, /*(5 = 9 ? + da, where (p is a smooth closed 1-form and a is a distribution on M. 

Let q := Q — f*ip; it holds dq = dQ — f*dip = dQ = R and, as regards the (0,1)—part, 

= da. 

Since i? is a (1,1)—current, dq^’^ = 0, so it represents a class in ~ (a 

classical result), but this class vanishes in M, because = da; thus it vanishes in M, 

i.e. = db. 

Hence 

R = dq = dq^’^ + dq^’^ = dd{b — b). 

(3) (4): Suppose R = idda: since f^R = 0, f\a is pluriharmonic on M (there 

is a smooth pluriharmonic function h such that /*a = h a.e.). Hence f*h = h o f 
is pluriharmonic on M, so that R = idd{a — f*h), where the distribution a — f*h is 
supported on E, because is a biholomorphism. 

Let X be a smooth point x E E {as a. matter of fact, x E E^ for some k); choose a neigh¬ 
borhood U of X with coordinates {wj} such that, in U, R = Ck[Ek] = ick'n'~^ddlog\\wn\\; 
thus in U the distribution 

iCkn~^log\\wn\\ - {a - f*h) 

is pluriharmonic, hence smooth. This implies that a — f*h, which is a distribution 
supported on E, vanishes in U. We conclude in this manner that R = '^Cj[Ej] = 
idd{a - f*h) = 0. □ 

More than that, we can prove that the class of compact “(n — 1)—Kahler”manifolds is 
closed with respect to modihcations. 

Theorem 4.3. Let M,M be compact n—dimensional manifolds, let f : M ^ M be a 
modification. If M is “{n — 1)—Kabler”, then M is “{n — l)—Kdhler”too. 

Proof. The case {n — l)PL is obvious. The case {n — l)K is proved in [ 8 ], the case (n —1)5' 
is proved by Popovici in |26] ; the proofs are similar, nevertheless, as the author says in the 
Introduction, the arguments are considerably simplihed by the fact that one can handle 
“pull-back”of d—closed positive (1,1)—currents by their local potentials. Let us consider 
here the WK-case, to complete the proof of the Theorem. 

Take a (1,1)—current T > 0 on M, such that dT = 0 and T = dS + dS. Consider the 
following result: 
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Theorem 4.4. (Theorem 3 in [ 8 ]) Let M,M be complex manifolds, and let f \ M ^ M 
he a proper modification. Let T be a positive dd— closed {1,1) —current on M. Then 
there is a unique positive dd— closed {1,1) —current T on M such that f^T = T and 

f e r{T} e Hl'l^{M,R). 

Looking carefully through the details of the proof (see also Theorem 3.9 and Proposition 
3.10 in m), it is not hard to notice that, when T is d—closed, T becomes d—closed too 
(in the estimates, this is the “classical case”). 

Thus, in our situation, T is a closed positive (1,1)—current on M such that T G 
f*{T} = 0 G M) : this means that T = ds + ds = 0, since M is “(n —1)—Kahler”. 

Therefore T = ffiT = D. □ 

Example 7.3 shows that similar results cannot hold for a generic p, also when the 
exceptional set is supposed to be pK as the manifold M, and the modihcation is simply 
a blow-up. Hence, to study when a generalized p—Kahler property goes back from M to 
M, we must add some hypothesis on E, as in the following result. 

Since we shall use only here forms and currents on a (singular) analytic subset (that is, 
the exceptional set E), we refer to [10], pp. 575-577 for dehnitions and details; here, for 
a (p, p)—form H on M, we indicate by if;(l > 0 the fact that, for every positive current t 
on E, it holds ((i£;)*f,H) > 0. 

Proposition 4.5. Let M,M be compact n—dimensional manifolds, let f : M ^ M be 
a modification with center Y and exceptional set E (call iE '■ E ^ M the inclusion); 
let 1 < p < n — 1 and suppose M is “p—Kdhler”. If there is a {p,p)—form Q on M 
such that YeQ > 0 and /*(df2) (or ffiiddVL) in case PL) is a smooth form, then M is 
“p—Kdhler” too. 

Proof. Let T > 0,T 7 ^ 0, be an “exact”current of bidimension (p, p) on M. Since /*T has 
the same properties on M, we get /*T = 0, which implies that supp T E. By Theorem 
1.24 in [I0|, there is a current t on E such that T = {iE)*t] thus (T, H) = {{iE)*t,^) = 
(f,f^H) > 0. 

Arguing as in Proposition 4.2, since /*(df2) is smooth and exact, we have a (p,p)—form 
T on M such that ffidLl) = dT; moreover, /*(dT) = f*{ffidCl)) = dH, since they are 
smooth forms, which coincide on M — E. Therefore, when T = dS, 

(T,H) = {dS,n) = {S,dCl) = (^,r(dT)) = {dS,r^) = (/,T,vl/) = 0. 

When T = dS -|- dS, the proof is similar, since by dimensional reasons, {dS -|- dS, H) = 

{d{s + s),n). 

In the pPL case, we have only to replace the operator d by the operator dd. □ 
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5. Link between “p-Kahler”eorms on M and M 

Notice that, using currents, in Theorem 4.1 we lose the connection between metrics on 
M and M: nevertheless, we can prove the following link: 

Proposition 5.1. Let M,M be compact n—dimensional manifolds, let f : M ^ M be 
a modification. For every “{n — 1)—Kdhler”metric h with form u on M, there is an 
“{n — 1)—Kabler’’metric h with form u on M such that and f^,u:'’’'~^ are in the same 
(relevant) cohomology class. 

In case K, this is Corollary 4.9 in [7]; we consider here a more general context, namely, 
that of “p—Kahler”manifolds with p > dimP, non necessarily compact. 

Theorem 5.2. Let f : M ^ M be a proper modification with a compact center Y and 
exceptional set E. Suppose M and M are “p—Kdhler”manifolds, with p > dimY, having 
“p—Kdhler”forms 12 and 12. Then there is a “p—Kdhler”form T on M such that /*r is 
“cohomologous”to 12. 

Here /*r is “cohomologons”to 12 means: {/*r} = {12} G H^F(^M) in case K, {/*r} = 
{12} G in cases WK, S, PL. The case pK, with M and M compact manifolds, 

is proved in |7], Theorem 4.8; as regards the case (n — 1)5, see Theorem 1.2 in [33]; we 
will prove here the general case. 

Proof. Our goal is to get, as in Theorem 3.1, a positive constant c such that T := /*12 + c0 
is the required form, where 0 is null-cohomologous and is obtained by changing /*l 2 . 

Let us recall the following classical result (see f.i. [30] p. 251): 

Remark. Let T be a s—dimensional compact analytic subset of M; Y has a funda¬ 
mental system of neighborhoods {27} such that i7^^(27, M) = 0 for g > 2 s, and, for every 
coherent sheaf E, H^{U, 7^) = 0 for g > s. 

In [9] we studied the case of 1-convex manifolds, where the cohomology groups LT^^U, E) 
are hnite dimensional when g > 0. We proved there the following result: 

Theorem 5.3. ([9], Theorem 2.4) Let M be a complex manifold, and let be the sheaf 
of germs of holomorphic k—forms on M. Suppose dimH^{M, O^) < oo V/c > 0, Vj > 
s. Then the cohomology groups i7^T(M) and H^’E(^M) are Hausdorff topological vector 
spaces for every p > s. 

Adapting its proof, which is based on an accurate analysis of exact sequences of sheaves 
and cohomology groups, we get in our situation (where the cohomology groups vanish): 

Claim. Let T be a s—dimensional compact analytic subset of M; T has a fundamental 
system of neighborhoods {27} such that i7^^(27, M) = 0 for g > 2s, and, for every coherent 
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sheaf Hi{U,J^) = 0 for q > s. Thus Y has a fundamental system of neighborhoods 
{U} such that (?/) = 0, = 0 for p > s. 

To give a hint of the hrst step (s = 0,p = 1) of the proof of this Claim, let us consider 
H, the sheaf of germs of real pluriharmonic functions, with the following well-known exact 
sequences of sheaves (see |9], p. 260): 

and 

From the second one we can compute so that H^^{U) ~ H^{U,'H). 

From the first one, we get 

-^ H\U,0) H\U,n) H^{U,R) 

Thus, by the previous Remark,we get H^^{U) ~ H^{U,'H) = 0. 


Let us turn back to the proof of Theorem 5.2; choose U as in the previous Claim, and 
consider f^,Q. While in case pK, f^fl is closed, so that by = 0 we get f^fl = iddR 

on U, in the other cases it holds ddf^fl = 0, so that thanks to = 0 we get 

f^:Cl = dS + dS, for some {p,p — 1)—current S on U. 

Recall that cohomology classes can be represented by currents or by forms (see also the 
proof of Proposition 4.2): thus, since is smooth on M — Y, we get on U — Y: 

a) = idda for some real {p — l,p — 1)—form a on U — Y in case pK, and 

b) f^fl = d(3 + d/3 for some {p,p — 1)—form /3 on U — Y in cases pWK, pS and pPL. 


Claim. In the previous notation, on U — Y we get, respectively: 

a) idd{R — a) = 0, thus R — a = 'j + dC + dC, where 7 is a real 99—closed form and 
C is a (p — l,p — 2)—current; when p=l, R — a = 'y are smooth functions; 

b) 9(5' — /3) + d{S — /d) = 0, thus S — /3 = 'y + dA + dB, where 7 is a (p,p — 1)—form 
such that 97 -f 97 = 0, A is a real (p — l,p — 1)—current, R is a (p,p — 2)—current. 

c) when p = 1, 9(5' — /3) + 9(5' — /3) = 0, thus S — ^ = 'y + a + dh, where 7 is a 
(1, 0)—form such that dj -|- 97 = 0, a is a holomorphic 1-form, h is a real distribution. 


Proof of the Claim. In case a), 7 is a smooth representative of the class {R — a} E 
— Y); when p = 1, R — a itself is smooth. 

In case b), for p > 1, the proof is more involved: we can use exact sequences of sheaves 
and their cohomology groups as done in [S] (see the proof of Proposition 2.2 there). In 
particular, let us consider 

... © £P-^^P-^ © £P-^'P)^ -E {£P'P-^ © £P-^'P)u ^ £^^ ^ • • • 


where the maps are, respectively. 
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(T2p-2{C,V,C) = {dC + dr],dr] + dC), a2p-i{ip, (f) = {dcp + dcp), a2p = idd. 

Notice that — Y) is given by on [/ — y, but here we need 

onU -Y. 

Since d{S — (3) + d{S — (3) = 0, i.e. a 2 p-i{S — (3, S — (3) = 0, it represents a class in 
Ker<72p-i QYi U — Y. Choosc a smooth representative of this class: this means precisely 

Im(T2p—2 ^ ir j 

S' — /3 = 7 + dA + dB, as stated in the Claim. 

In case c), when p = 1, the exact sequence of sheaves is the following 

... (O' © © o\ ^ ^ ^ 4’^... 

where the maps are, respectively, 

aQ{a,h,a) = {a + dh,dh+ a), (Ti((p, p) = (c?(p + dtp), a2 = idd. 

Since d{S — (3) + d{S — /3) = 0, i.e. ai{S — /3, S — (3) = 0, it represents a class in 
on U — Y. Choose a smooth representative of this class: this means precisely 
S' — /3 = 7 + q; + dh, as stated in the Claim. 

Going back to the proof of Theorem 5.2, choose a neighborhood W CC U of Y, and 
take a cut-off function y G C^{U), y = 1 on W. Define: 

D ■= y(a + 7) + d{xC) + d{xC), 

F := y(/9 + 7) + d{x^) + d{xB) when p > 1, and 
F •= x (/9 + 7 + a) + 9(yh) when p = 1. 

D and F are currents on M — Y; moreover, it is easy to check that iddD and OF + dF 
are smooth on M — Y, so that we can pull them back to M — E (let us denote by g the 
restriction of f to M — E). Thus 0 := g*{iddD) and 0' := g*{dF + dF) are, respectively, 
(p,p)—forms on M — E, which coincide with D on f~^{W) — E. 

So they extend to the whole of M: remark that they are supported on f~^{U) and 
transverse on f~^{W). 

Thus we can pick c > 0 such that T := f*fl + c0 or T' := f*fl + c0' are transverse 
forms on M. T and T' are “closed”because D is “closed”, and 

a) 0 is idd—exact on M — E and coincides with D (which is “closed”) near E-, 

b) 0' is {d + 9)—exact on M — E and coincides with D (which is “closed”) near E. 
Moreover, in the first case /^T — D = idd{cD), and in the other case f^T' — Q' = 

d(^) + d{cF). □ 


6. Currents in the non-compact case 

In the non-compact case, we cannot use the classical characterization of Kahler ma¬ 
nifolds by currents, which has been introduced by Sullivan |29] and by Harvey and Lawson 
121 ; hence we have no results about a generic modihcation. Nevertheless, in [9] we studied 
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1 -convex manifolds (which are not compact but have a specihc compact “soul”) by positive 
currents. This tecnique can be used to get a partial result on proper modihcations. Thus 
we consider the following dehnition, where M is a complex u—dimensional manifold. 

Definition 6.1. Let K be a compact analytic subset of M; M is said locally “p—Kdhler” 
with respect to Y if every neighborhood U of Y, U CC M, is “p— Kahler”, in the sense 
that there is a real closed (p,p)—form 12 on M such that 12 > 0 on the compact set U. 


Our aim is to prove: 

Theorem 6.2. Let M, M be n—dimensional manifolds, let f : M ^ M be a proper 
modification with compact center Y and exceptional set E (whose (n — 1) — dimensional 
irreducible components are {Ej}). Suppose dimH^{M,0'^) < cxo Vr > 0, Vj >1. If M is 
locally {n — 1)K with respect to Y, then M is locally {n — 1)K with respect to E. 


Let us recall the notation and some results proved in [9], which we shall use in the 
proof. For every manifold X, Pf{X) denotes the closed convex cone of positive cur¬ 
rents of bidimension (p,p) and compact support, while B^{X) is the space of currents 
of bidimension {p,p) and compact support, which are (p,p)—components of a compactly 
supported boundary current, that is, the class of the current vanishes in 


Tjk,k 

^a+d 


(X,R), 


{Tgg;^(X)M;zaaT = 0} 
{dS + dS-Se£(^^^fiX)y 


In the non-compact case, it is not guaranteed that the operators we need are topological 
homomorphisms (so that the orthogonal space to the Kernel coincides with the Image), 
but to get this fact it suffices to require a mild cohomological condition, as stated in the 
next result: 


Proposition 6.3. (Corollary 2.5 in [9]) Let X be a complex manifold such that 

dimH^X, Oy < cx) Vr > 0, Vj > 1. Then dp := d : Sy^{X) © ^P’P+1)k(X) 

and ddp := dd : S^~^’^~^{X) —)■ are topological homomorphisms for every p > 1. 


So we got: 

Theorem 6.4. (see Theorem 3.2 in m) Let X be a complex manifold, K a compact 
subset of X; let 1 < p < n — 1 and suppose dp := d : £^^{X) —)■ (^Sp+^’P © is 

a topological homomorphism. Then: 

there is no current T y 0, T E Pf{X) fl Bp{X), suppT C K there is a real 

closed {p,p)—form fl on M such that fl > ff on K. 


Now we can prove Theorem 6.2. 
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Proof. Fix a neighborhood U oi E in M, U CC M, and let T be a bad current, i.e. 
T e PfiM) n supp T K -.= U. Thus ffP is a bad current on M supported 

in f{K), which is a compact neighborhood of Y: since M is locally {n — 1)—Kahler with 
respect to F, we get /*r = 0 , so that supp TOE. 

By the Support Theorem 2.5, T is closed (in fact, T = '^Cj[Ej], Cj > 0), and more¬ 
over T = dS -|- dS for some compactly supported (1,0)—current S, so that we get 
ddS = 0. Consider dS: it is a 5—closed (2, 0)—current, hence it is a holomorphic 2 - 
form with compact support: therefore, dS = 0 and T = d{S + S) is d—exact. But no 
(n — 1)—dimensional component of E is null-homologous, by the structure of the homology 
of M\ hence T = ^ ^A^j] =0- ^ 

The other “p—Kahler” cases are not known. 

Notice that when a 2 p := idd : 8"^^ —)■ is a topological homomorphism (which 

is true in our hypothesis by Corollary 2.5 in [9], see above), then we have a similar 
characterization Theorem (see [9], Remark 3.4): 

Proposition 6.5. Let X be a complex manifold, K a compact subset of X; let 1 < p < 
n—1 and suppose a 2 p := idd : —)• is a topological homomorphism. Then: 

there is no current T ^ 0, T E Pf{X) fl {Ima 2 p)c, suppT C K there is a real 

{p,p)—form fl on M such that iddft = 0 and > 0 on K. 

But when p = n — 1, T G Pf{X) fl {Ima 2 p)c means that 0 < T = iddg, with g 
a plurisubharmonic function with compact support: so p is a constant, and T = 0. 
This means that every n—dimensional complex manifold is {n — 1)PL with respect to its 
compact subsets (as expected). 


7. Examples and remarks 

Examples. 

7.1 Hironaka’s manifold X (see [20], p. 444 or [5]) is given by a modihcation f : X ^ P 3 , 
where the center F is a plane curve with a node. It is a Moishezon manifold, containing 
a null-homologous curve. Thus it is not “1—Kahler”. X is a balanced manifold (see 0) 
so that it is “(n — 1 )—Kahler”. 

We can also consider a modihcation given as follows: take ttq, the blow-up of P 3 at a 
point O, and then perform a modihcation / like that of Hironaka, where the center F of / 
lies on the exceptional set of ttq- Here, the exceptional set O is a point, but the resulting 
compact threefold is not “ 1 —Kahler”. 

7.2 In [B] we build an example to show that, even in the case of modihcations, we 
can sometime pull-back “p—Kahler” properties for p > 1. Indeed, we consider a smooth 
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modification X of P 5 , where the center F is a surface with a singularity; the singular hbre 
has two irreducible components, one of which is biholomorphic to P 2 and the other is a 
holomorphic hbre bundle over Pi with P 2 as hbre. We show that X is not Kahler, because 
it contains a copy of Hironaka’s manifold, but it is “p—Kahler” for every p > 1. 


7.3 On the contrary, we give here an example that shows that we cannot always pull¬ 
back “p—Kahler”properties by blowing up, even in the compact case. We use the class of 
manifolds we constructed in [3], namely, the compact nilmanifolds ? 7 /? 2 n+i, n > 1: let us 
recall the dehnition. 

Let G be the following subgroup of GL{n -|- 2, C): 

( I X z\ 


G := {AeGL{n + 2,C)/A = 


\ 


In 

0 


Y 

1 


,zeC,X,Y e C"}, 


and let L be the subgroup of G given by matrices with entries in Z[i]. L is a discrete 
subgroup and the homogeneous manifold p/ 52 n+i := G/V becomes a holomorphically par- 
allelizable compact connected complex manifold (in particular, a nilmanifold) of dimen- 
sione 2n -I- 1 (for u = 1, 77/^3 is nothing but the Iwasawa manifold Is). The standard 
basis for holomorphic 1 -forms on p/ 52 n+i is {<Pi,..., <P 2 n+i}; the ipj are all closed, except 

dip2n+l = <Pl A <P2 H-h ^2n-l A ip2n- 

Recall the following results: 


Theorem 7.1. (see Theorem 3.2 and Theorem 4.2 in |3]) (1) For rif52n+i, as for all holo¬ 
morphically parallelizable manifolds, for a fixed p, all “p—Kahler”conditions are equiva¬ 
lent. 

(2) The manifold p/ 92 n+i is not pK for 1 <p <n and is pK for n + 1 <p <2n. 


To build our example, let us consider M = rjldy, Y = p/ds = J 3 as a submanifold of 
M (in an obvious way, see f.i. (4.4) in [3]). In particular, M is 4K, Y is 2K but not 
Kahler. Consider tt ■. M ^ M, the blow-up of M along Y; if M were 4K too, then also 
the exceptional set E would be 4K, but by dehnition vr induces a holomorphic submersion 
from E to Y with 3-dimensional hbres. Thus Y would be Kahler, by using the push- 
forward of a 4K form on E (see Proposition 3.1 in [2]). 

7.4 Taking into account these examples, let us collect what we got until now for the 
case of a modihcation of a compact “ 1 —Kahler” manifold M: 

a) M is obviously (n — 1)PL. 

b) If M is Kahler (i.e. IK), then it is regular (in the sense of Varouchas, that is, it 
satishes the 99—Lemma, see El. El). SO that also M is regular, which implies that it is 
(n — 1)WK and {n — 1)S by the following result stated in [T]: On a regular manifold, V p, 
pWK = pS = pPL. Thus, every regular manifold is {n — 1)WK, since {n — 1)WK = 
{n-l)PL. 
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As stated in Theorem 4.1, M is also (n — 1)K (a direct proof was given in [6]). Nev¬ 
ertheless, M may not be “1—Kahler”, as examples in 7.1 show, also when the center is 
only a point. But example 7.2 shows that M can be “p—Kahler’Tor every p > 1. 

c) If M is “1—Kahler”, then in case K and S it is also “(n — 1)—Kahler”, so that M is 
[n — 1)K or, respectively, (n — 1)S (see f.i. |2]). We don’t know in general if, when M is 
IWK, then M is {n — 1)WK; this is true for a wide class of manifolds, for instance when 
= 0, because in this case {n — 1)WK = {n — 1)S (see [T]). 

7.5 We recall here an example proposed by Yachou [M], which illustrates the following 
result (see ini. pp. 506-507): If G is a complex connected semisimple Lie group, it 
has a discrete subgroup T such that the homogeneous manifold M := G/T is compact, 
holomorphically parallelizable and has no hypersurfaces (since a{M) = 0). 

Take G = SL{2, C), and let us consider the holomorphic 1—forms rj, a, f3 on M := G/T 
induced by the standard basis for g*: it holds 

da = —2rj A a, d/S = 2p A /?, di] = a A (3. 

The standard fundamental form, given bya; = ^{a Aa + (3 A /3 + rj Afj), satisfies = 0, 
so that is a balanced form: but it is exact, since 

= d (—a A da 3 - 13 A d(3 + -rj A dfj). 

16 16 4 

7.6 Let us end with a particular question, related to example 7.5, i.e. the fact that, on 

compact Kahler manifolds, = vol M > 0, so that u is not “exact”, while a 2K form 

can be exact, as seen in 7.5 (see also the Introduction of [I5]). Notice that, when M is not 
compact, a “p—Kahler”form can be exact: this is the case, for instance, of p—complete 
manifolds (see [9], Proposition 4.4). 

Suppose M, M are complex manifolds and / : M —)■ M is a proper modification 
with compact center Y ; suppose moreover that M is “p—Kahler”: can the class of 
its “p—Kahler”form hi vanish, in one of the following cohomology groups: id^T(M), 

In most cases, the answer is no: suppose dimY = s,0<s<n — 2: the cases p = n — 1 
and p = n — 1 — s are completely solved by the existence of compact analytic subvarieties 
of the right dimension in M, namely, the maximal irreducible components of E and 
the generic hbre These are closed currents, which vanish when applied to an 

“exact” form, but they must be positive when applied to transverse forms, since they have 
positive volume. For the same reason, the answer is the same, for every p, on blow-ups 
with center at a point O: they have enough compact subvarieties on E. 

In some other cases, when M and M are compact, we can use the pull-back of a suitable 
p—Kahler form on M: in particular, this holds when M is balanced, as follows: 
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Proposition 7.2. Let f : M ^ M be a modification, M a compact balanced manifold 
with form oo, M a compact “1—Kdhler”manifold with “l—Kdhler”form u. Then Cj is 
never exact. 

Proof. Case in is obvious, because Cj = iddg > 0 implies g is constant. 

In the case IS, if a) = with dfj = 0, we ask for the possibility fj = da. Notice that 
> 0 and > 0 outside E; thus we get 

0< / LjAf*oj^-^= [ ^PA^ 0 J^-^= [ da A f*uj^-^ = - [ aAd(/*a;"-^), 

Jm Jm Jm Jm 

which vanishes since M is balanced. 

In case IWK and IPL, starting by doj = dda or dduj = 0, we ask for the possibility 
Cj = djl + dfj; this can be solved as above. 

In case IK, starting by dO = 0, we can ask if a; = dj3. As above, the answer is negative, 
also when M is only (n — 1)WK. 

Claim. Arguing as in the previous Proposition, if M is compact Kahler and M is 
“p—Kahler”, its form cannot be exact. 
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